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PBW bases and marginally large tableaux in type D

BEN SALISBURY™', ADAM SCHULTZE!, AND PETER TINGLEY?

We give an explicit description of the unique crystal isomorphism
between two realizations of B(oo) in type D: that using marginally
large tableaux and that using PBW monomials with respect to one
particularly nice reduced expression of the longest word.

1. Introduction

For any symmetrizable Kac-Moody algebra, the crystal B(co) is a combi-
natorial object that contains information about the corresponding universal
enveloping algebra and its integrable highest weight representations. Kashi-
wara’s definition of B(oco) uses some intricate algebraic constructions, but it
can often be realized in quite simple ways. We consider two such realizations
in type D,,.

1. The construction using marginally large tableaux from [8] (and the
closely related earlier work [4]), which is a limiting case of constructions
in [11].

2. The recent construction using bracketing rules on Kostant partitions
from [15], which is naturally identified with the algebraic crystal struc-
ture on PBW monomials for one particularly nice reduced expression
of wy.

We explicitly describe the unique crystal isomorphism between these two
realizations (see Theorem 3.1). This is a type D,, analogue of a type A,
result that can be found in [3], although the type D,, situation is a little
different.’ Most notably, the isomorphism is not as “local”: in type A,
the map from tableaux to Kostant partitions simply maps each box in the
tableau to a root, but in type D,, one must consider multiple boxes at once.
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Table 2.1: Positive roots of type D,,, expressed both as a linear combination
of simple roots and in the canonical realization following [2]

Bik =i+ + oy, 1<i<k<n-1

Vik=C;+ ot ataytay 1+t tag, 1<i<k<n
Bike = € — €1, 1<i<k<n-1

Yi,k = €; T €k, 1<i<k<n

In the final section we give a diagrammatic description of Kostant partitions
and the crystal operators on them motivated by the multisegment realization

of B(c0) in type Ay, [3, 9, 12, 16].
2. Background

Let g be the Lie algebra of type D,, with Cartan matrix and Dynkin diagram
2 10 - 0 0 0

12 100 0 an—1
oOo-12 - 0 0 O
A:(aij): ) O
o o0 0 - 2 —-1-1 o o2 Op—2
o o0 0 - —-12 0
o o0 o0 - —-10 2 Qn
Let {a1,...,a,} be the simple roots and {a,...,a,} the simple coroots,

related by the inner product <ajV, a;) = aj;. Define the fundamental weights
{wi,...,wn} by (o ,wj) = &;;. Then the weight lattice is P = Zw @ - -®Zwy,
and the coroot lattice is PY = Zay @ --- & Zq,,. The Cartan subalgebra b
is given by C ®z PV. Let ® denote the roots associated to g, with the set
of positive roots denoted ®T. The list of positive roots is given in Table 2.1.
The Weyl group associated to g is the group generated by sy, ..., s,, where
si(A) = A — (o), Nay; for all A € P. There exists a unique longest element
of W, which we denote as wy. For notational brevity, set I = {1,2,...,n}.

Let B(oo) be the infinity crystal associated to g as defined in [10]. This
is a countable set along with operators e; and f; which roughly correspond
to the Chevalley generators of g. We don’t need the details of the definition
of B(o0), as we just consider two explicitly defined ways to realize it.

2.1. Type D marginally large tableaux

Definition 2.1. A marginally large tableau of type D, is an n — 1 row
tableau on the alphabet

JDp) i ={1<-=<n—-1< " <n—I<--<1
n
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which satisfies the following conditions.

1. The first column has entries 1,2,...,n — 1 in that order.

2. Entries weakly increase along rows.

3. The number of i-boxes in the ith row is exactly one more than the total
number of boxes in the (i + 1)st row. We call this condition “marginal
largeness.”

4. Every entry in the ith row is <7.

5. The entries n and @ do not appear in the same row.

Denote by T (c0) the set of marginally large tableaux.

For 1 <i <n—1, the boxes in the ¢th row with content 7 will be called
shaded bozxes; all other boxes will be called unshaded. Given a tableau T' €
T (00), define its weight as follows. Let j be an unshaded box containing
k in the jth row of T'. Set

—Bj k-1 if k is an unbarred letter,

wt (]) =4 ik if k is a barred letter and k # 7,
—Vjj+1— B k=7

Then the weight wt(7") of T' is the sum over all unshaded boxes j in T of
wh(( k).

Example 2.2. In type Dy, the elements of 7 (co) all have the form

1f2--.2[3...3]z1 - =1[3...3[3...3[1...7]

T_ 1 1-- 1.--1{1)1.--1 1 (1 1(1---1
— 2] 2...2 [2...2|2]|3...3|z2 z2|3 32...2 )
3|z3---23|3---3

where z; € {4,4} for each i = 1,2,3. In particular, the unique element of
weight zero is

1]1]

Too =

o ]=
[\

Definition 2.3. Fix a type D,, marginally large tableau. The reading word
read(7’) is obtained by reading right to left along rows, starting at the top
and working down.

Definition 2.4. For each 1 < i < n, the bracketing sequence br;(T') is
the sequence obtained by placing a ‘)’ under each letter for which there
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-
1 n—2 V \?2 n—2 1 —
[n—1] —
72\ o

Figure 2.1: The fundamental crystal of type D,,.

t-colored arrow entering the corresponding box in Figure 2.1, and

a ‘(” under each letter for which there is an i-colored arrow leaving the
corresponding box. Sequentially cancel all ()-pairs to obtain a sequence of
the form )---)(--- (. The remaining brackets are called uncanceled.

Remark 2.5. The sequence br;(T) factors as br;(Ry)br;(R2) - - - bri(Rp—1),
where br;(R;) is the sequence of brackets coming from the j* row of T,
counting from the top.

Definition 2.6. Let 7' € T (c0) and i € 1.

1.

Let = be the letter in T' corresponding to the rightmost uncanceled
‘)" in br;(T'). Then ¢;T is the tableau obtained from 7' by replacing
the box containing x by the box containing the letter at the other
end of the i-arrow from x in Figure 2.1. If the result is not marginally
large, then delete exactly one column containing the elements 1,...,4
so that the result is marginally large. If no such ‘)’ exists, then define
61'T =0.

Let y be the letter in T' corresponding to the leftmost uncanceled ‘(* in
br;(T"). Then f;T is the tableau obtained from 7" by replacing the box
containing y by the box containing the letter at the other end of the
i-arrow from y in Figure 2.1. If the result is not marginally large, then
insert exactly one column containing the elements 1,...,7 so that the
result is marginally large.

Remark 2.7. For ¢ < n — 1, e¢; changes the content of exactly one box in
T either from 7 to 2 + 1 or from 7 + 1 to 7. The marginal largeness condition
is preserved unless e¢;T" changes an ¢ + 1 to an ¢ on the ith row. Then ¢;T
contains two adjacent columns with entries 1,2,...,4, one of which must be
removed to satisfy the marginally large condition. The situation is similar

for i = n.
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Example 2.8. Consider D4 and

tlafafefafafafa]a]2]2]3]T]T]T]
T=1[3]2]2]213]2]3]3 :
31413

To calculate e4 and fy, the relevant arrows from Figure 2.1 are

Thus each 3 and 4 will contribute ‘(’, each 4 and 3 will contribute *)’, and
all other letters will contribute nothing. The reading word and bracketing
sequence are

read(T)=11132211111111133432222343
bry(T') = ) )) ) L—T) (
The rightmost uncanceled ‘)’ is the one shown in blue, so e4 changes the

corresponding 4-box in the third row to a 3-box. To maintain marginal
largeness, we must delete one of the columns containing 123:

tfafafafafaa]a]2]2]3]T]T]T]
eaT' = [9]22]3]2[3]3 :
313
Similarly,
tlafefafafafaa]a]e]2]2]3]T][T]T]
LT =Ree2]2]3]1[3]3 :
3141413

In Definition 2.3, we are using the so-called middle-Eastern reading, as
defined in [7]. This differs from the definition of the signature rule for element
of T (c0) given in [8] which uses the far-Eastern reading in which the tableau
is read from top to bottom in columns starting with the rightmost column.
(The subsequent crystal structure is constructed using the same bracketing
sequence as above and the same operators, just with read(7") replaced by
this new reading.) However, the resulting operators are identical:

Proposition 2.9. The operators e; and f; on T (o0) defined using the far-
FEastern reading and the middle-FEastern reading, respectively, are identical.
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Proof. Fix T € T (oc0) and let ¢; ; be the number of j-boxes in row i of T'.
First assume 1 < 7 < n — 2. Then all brackets used in calculating f; come
from rows 1,...,7+ 1. The brackets corresponding to unshaded boxes come
in exactly the same order for the two readings. Thus the only difference
between the two bracket orders is the suffix of the sequence, where one has:

far-Eastern: - .- (i~ Gttt teqiiz (). .. (),
——
(2.10) Gy
middle-Eastern: - - (¢ (ST )Cittist

?

Since ¢;; > ¢it1,i+1, the portions shown each have no uncanceled, *),” and
they have the same number of uncanceled ‘(,” with the first uncanceled ‘(’
corresponding to a shaded 4. It follows that the first uncanceled bracket of
each type in the two sequences corresponds to a box of the same type (i.e.,
same content and on same row). Clearly both rules always apply f; to the
rightmost box of a given type, and e; to the leftmost, so the two rules agree.

The argument for ¢ = n — 1,n is similar, and in fact simpler, since the
only shaded boxes that are relevant are the shaded n — 1. O

Remark 2.11. Unlike in type A,,, the operators on finite type D,, tableaux
using these two readings are different. They only agree for marginally large
tableaux.

For a marginally large tableau T', we sometimes consider its reduced form,
which is obtained by removing all shaded boxes and sliding the rows so that
the result is left-justified. Note that we can recover T from it’s reduced form.

Example 2.12. Continuing Example 2.8, the crystal graph around 7" using
tableaux in reduced form is

2[3]T]1]T] 2[213]T]T[T] [2[2[3]1]1]T]
3141313 31414]3 3141313
413 413 13]
AN ‘ /
N A
2[2[3]1]1]T]
3141313
413
1/ 2/ \3 \4
— / \ ~
2[2]2[3]TT]T] [2[2[2]T]T]T] [2[2[3]T]T]lT] [2[2[3]1]1]T]
3141313 3141313 3131313 31413]3
413 413 413 41413
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2.2. Crystal structure on Kostant partitions

Here we review the crystal structure on Kostant partitions from [15]. As
explained there, this is naturally identified with the crystal structure on
PBW monomials from, for example, [1, 13] for the reduced expression

wo = (5152 crSp—28n—-15nSn—2 " " 51) tee (Sn—QSn—lsnSn—2)8n—15n-

Let R be the set of symbols {(8) : 8 € ®T}. Let Kp(cco) be the free
Z>¢-span of R. This is the set of Kostant partitions. We denote elements of

Kp(oo) by & =37 5)er cs(B)-

Definition 2.13. Consider the following subsets of positive roots depending
oni € [l

1. For 1 <i<n—1, define
Qi = {Bri-1,Br,i : 1 <k <} U{ Vi Vi1 0 1 <k <i—1}
and order the roots in ®; by
Bri < Briic1 <Y1 < Vi1 < -
< Bic1i < Bicti-1 < Yie1i < Yie1,i+1 < Big-

2. For i = n, define

¢, = {Bk,n—Za Bk’,n—l 1<k<n-— 2}
U {7k,n—17 Ven - 1<k<n-— 2} U {'Ynfl,n}

and order the roots in ®,, by

Mo < Bin—2 <Y1 < Prp-1 <
< Tn—2mn < Bn—2,n—2 < Tn—2n—1 < /Bn—Z,n—l < Yn—1,n-

The bracketing sequence S;(a) consists of, for each f € ®;, cg-many )’ if
f — «; is a positive root or if f = a; and cg-many ‘(" if 5 + «; is a positive
root, ordered as above. Successively cancel ()-pairs to obtain sequence of the
form )---)(--- (. We call the remaining brackets uncanceled.

Definition 2.14. Let i € ] and o = Z cg(B) € Kp(o0).
(B)ER
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e Let 8 be the root corresponding to the rightmost uncanceled ‘)’ in
Si(a). Define
cioe = — (B) + (B — o).
If 8 = «;, we interpret (0) as the additive identity in Kp(oco). If no
such )’ exists, then e;a is undefined.

e Let v be the root corresponding to the leftmost uncanceled ‘(” in S; (o).
Define

fia=a—(v)+ (v + ).

If no such ‘(’ exists, set fioo = a + ().

e wt(a) = — Z .
Bedt
e ¢;(a) = number of ‘)’ in the bracketing sequence of a.

o pi(a) =ci(a) + (o), wt(a)).

Proposition 2.15 ([15]). With the operations defined above, Kp(co) realizes
B(0). O

Example 2.16. Let i = n = 4 and consider

a=5(ar)+ (a1 + ag + a3 + ag) + 3(a1 + 209 + as + ay)
+ 2(042 + Oz4) + (042 + Oég) + (042 + a3z + 044) + (043) + 2(0[4).

Look at the coefficients cg of a corresponding to 3 € ®4.

0714 0812 71,3 0813 2724 0B22 723 B23 2734
) ) ) L—T)

Hence, esjao = o — (734) + (0) = a — (ou) and fro = o + ().
3. The isomorphism

Theorem 3.1. The unique crystal isomorphism ¥: T (co0) — Kp(co) can
be described as follows. For a tableauzr T € T (c0), let Ry,...,Ryp—1 de-
note the rows of the reduced form of T' starting at the top. Set W(T') =
Z;:ll U(R;), where W(R;) is defined from the unshaded bozes in R; as fol-
lows:

1. Eachj is sent to (Bj;) + (Vjj+1);
2. each pair k,k, where j <k <n —1is sent to (Bjr) + (Vjr+1);
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3. each remaining k € {j,j+1,...,n} is sent to (Bjr—1);
4. each remaining k € {m,n —1,...,7+ 1} is sent to (yjx)-

Example 3.2. Let n =4 and

tlafafefaafefa]a]2]2]3]1]T]T]
T=l2]2]2 13]3 :
3|1]3
Then
U(R1) =3((B1,1) + (11,2)) + (71.3) + 2(B1,1),
U(Rg) = ((B2,3) + (124)) + (72,3) + (72,4,
U(R3) = ((B3,3) + (13.4)) + (13,4),

U(T) =5(B1,1) + (71,3) +3(71,2) +2(72,4) + (B2,3) + (72,3) + (B3,3) +2(13,4)-

Compare with Example 2.16.

The proof of Theorem 3.1 will occupy the rest of this section. Denote by

el and f] the Kashiwara operators on 7 (co) from Definition 2.6, and by
e?p and fiKp those on Kp(oo) from Definition 2.14.
Lemma 3.3. Fiz T € T(o0) and 1 < j < i < n. The strings br;(R;) and
Si(\ll(Rj)) have the same number of uncanceled brackets, both left and right.
Here, as before, R; means the 3" row of T. Furthermore, if the leftmost
uncanceled left bracket in br;(T) and S;(¥(T)) are in br(R;) and S;(¥(R;))
respectively, then fI°U(T) = U(fTT).

7

Proof. 1t suffices to consider the case when the only unshaded boxes of T are
in R;, so the condition on left brackets holds exactly if there is an uncanceled
left bracket in br;(R;). First assume ¢ < n — 1. We are only interested in
entries 4,7+ 1, ¢ + 1, and 7 in R;, and pairs i — 1, 1 — 1, since only these give
rise to brackets in br;i(R;) or S;(¥(R;)).

A pair i —1, 1 — 1 corresponds to no brackets in br;(R;), and to (8j—1),
(v5:) in W(R;), which gives a canceling pair of brackets in S;(¥(R;)). So
the statement is true if and only if it is true with these removed. Thus we
can assume I?; has no such pairs.
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Assume R; has p boxes of 1 +1, g of ¢ + 1, r of 4, s of %:

R]: 7 g i+ lik1|er x| |2 FT| T 7

~ ~ ~~ ~"
T q p S

We consider four cases.
Case 1: Assume p > g and r > s. Then
U(R;) = (r—s)(Bji-1) + 5(84) + a(Bjir1) + a(Vjiv2) + (s + 0 — @) (Vj,i+1),
6]
bri(R;) =)* ()7 (" and  Si(W(Ry) =) (" (TP

Both br;(R;) and S; (¥ (7)) have s uncanceled ‘)’ and r+p—gq > 0 uncanceled
‘(,” and

fZ’TR]: 7 i i+ |i+1]--- |iFT|--- |oF1

|
~

Then

FPU(R) = (r—s = 1D)(Bji1) + (s + 1) (Bja) + a(Bjin1)
+q(vji+2) + (5 +p — @) (Vji+1)
= U(fTR;).
Case 2: Assume p > g and r < s. Then
V(R;) =1(Bji) + a(Bjit1) + a(vji+2) + (r + 0 — @) (vji+1) + (5 = 7)(V54)-

Both br;(R;) and S; (¥(T')) have s uncanceled ‘)’ and r+p—g > 0 uncanceled
‘(,V and

szRJ: 7 |- g li+1|-e- lit1]--|oFT| - |o7xT1| T | - 7

giving
fZ.Kp\IJ(Rj) =7(8ji) + a(Bji+1) + q(Vji+2)

+(r+p—q-1) (1) + (s =7+ 1) ()
= U(f] R)).
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Case 3: Assume p < g and r > s. Then

U(Rj) = (r = s)(Bji-1) + (g —p+5)(Bji) + P(Bji+1) + p(vji+2) + 5(ji41)-

Both br;(R;) and S; (¥ (7)) have s+¢—p uncanceled ‘)’ and 7 > 0 uncanceled
‘(,) and

|
|

fZTRJ: 7 |- i li+1|eee lit1]-o [TFT| |7FT

giving

FEPO(R)) = (r— s — 1)(Bja-1) + (@ —p+ s+ 1)(B50)
+p(Bji+1) +p(Vjive) + 5(vjit1)
= U(f] R)).

Case 4: Assume p < g and r < s. Then
U(R;) = (¢ —p+7)(Bja) + p(Bjit1) + p(vji+2) + r(vit1) + (s = r)(v4)-
Again both br;(R;) and S;(¥(T)) have s 4+ ¢ — p uncanceled ‘)’ and r un-

canceled ‘(.> If r = 0 then the leftmost uncanceled left bracket in br;(T") is
not in br;(R;). If r # 0,

fZ—R]: 7 |- g li+1|e-e lit1]-r |TFT| 0 |7FT

|
|

giving

FEPU(R)) = (g — p+1)(Bj3) + p(Bjisr) + P(Vjiv2)
+ (r =D (vji1) + (s =7+ 1)(75.4)
_w(fTR,) 5

Example 3.4. Consider type D4 and ¢ = 2, and the tableau

—_

1[2]2]3[4][3]1]T]

T =

|0~3wr—\
[N}
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Then the reading word and bracketing sequence are

1134322111223
bry(T) = L—7( ( (7

SO

1[1]2]3[3]4][3]1]1]

T =

Sl
[\]

Direct calculation gives

U(T) =2((Br,1) + (11.2)) + ((Br3) + (11,4)) +2(B1,1) + (Br3)
=4(B11) +2(81,3) + (714) +2(71,2)

and

U(fIT) =2((B11) + (m2) + ((Br3) + (11.4)) + (Br1) + (Br2) + (Br3)
= 3(B1,1) + (Br2) +2(B1,3) + (v1.4) +2(71,2)-

The bracketing sequence on Kostant partitions is

0612 4P11 272 Oy13 0822,
So(W(T)) = (=T

s0 faPU(T) = U(T) — (B1,1) + (Bi1 + az). Since (811 + az) = (B1,2) this
agrees with W(f] T).

Here bry(T) and S»(¥(T)) have a different number of uncanceled left
brackets. This is the ¢ = j case excluded from Lemma 3.3.

Proof of Theorem 3.1. We first consider the case in which ¢ < n. If suffices to
show that fiKp\IJ(T ) = U(f7T). By the definition of the bracketing sequences
and of W,

br;(T) factors as br;(R;)br;(Rs2) - - - bri(R,—1), and
SZ(\IJ(T)) factors as S; (\I/(Rl))SZ (\IJ(RQ)) - S; (\IJ(Rn_l))

By Lemma 3.3, for j < 4, each br;(R;) has the same number of uncanceled
left and right brackets as S;(¥(R;)). For j > i + 1, it is clear that both
bri(R;) or S;(¥(T)) are empty. As in Lemma 3.3, let p be the number of
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i+ 1in R;, ¢ the number of i + 1, r the number of 7, and s the number of 7.
Also, let 7" be the number of i + 1 on row 7 + 1, and s’ the number of 7 + 1
on row ¢ + 1. By direct calculation:

e Si(V(Ry)) = yetamin{pa} and bry(R;) = )*(P)4(", which in particular
have the same number of uncanceled right brackets.
o 5 (\I’(Rz—i-l)) = @ and bri(Ri—i-l) = (5 )T .

Since T is marginally large r > 1/, so both subsequences br;(R;)br;(R;+1)
and S; (¥ (R;))S; (¥(Ri+1)) have the same number of uncanceled right brack-
ets. Using this, if the leftmost uncanceled left bracket in br;(7") comes from
row j for j < i, then, by Lemma 3.3, this also holds for SZ-(\IJ(T)), and
U(f7T) = £ (D).

Since 7 > ' the leftmost uncanceled left bracket in br;(7") cannot come
from br;(R;+1), so it remains to consider the case where it comes from
br;(R;). Then S;(¥(T)) has no uncanceled left brackets, so f,LK P just adds a
new o; = f3;;. There are two cases for what can happen in br;(T):

If p > q, then

U(R;) = s(Bii) + q(Biiv1) + a(viiv2) + (s +p — @) (Visit1),

fZTR’L: Z ’L 2SS N EEECI A B ACACICR i ISP i 7 7

~ - _/ ~ - _/

and

U(fTR;) = (s +1)(Big) + a(Biit1) + a(Viiv2) + (5 + 1 — @) (Visit1)-
If p < g, then
V(R;) = (s +q—p)(Bis) +p(Biir1) + p(viit2) + s(Viir1),

~ ~ ~~ ~
r q+1 p S

7.+1‘ 7

i+1‘---

and

U(fTR) = (s+q—p+1)(Bis) +p(Biit1) + p(viir2) + s(Yijit1)-

In both cases, U(f7 R;) = W(R;) + (Bi,), as expected.
The ¢ = n case follows from the ¢ = n—1 case using the Dynkin automor-
phism exchanging nodes n—1 and n, which acts on tableaux by interchanging
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the symbols n and n and on Kostant partitions by interchanging the roots
(Bjn—1) and (Vjn). O

4. Stack notation

As mentioned in the introduction, this work is a type D, analogue of a
type A, result in [3]. That result is described using the multisegments from
[9, 12, 16], which are a convenient diagrammatic notation that makes the
crystal structure apparent. By analogy, we now introduce stack notation for
Kostant partitions in type D,,.

For1<j<k<n-—1and 1</ <m <n, make the association,

m+1

n—2
Bjk =1, Yem = n—1n
n—2

Given i € I, the set ®; from Definition 2.13 is the set of roots for which
may be either added or removed from the top of the stack to obtain a stack
for another root. If i # n, the order imposed on ®; in Definition 2.13 is

7 i+1 i i+1
) i—1
i . n—2 n—2 . . n—2 n—2 .
< <n-ln<n-in << 0 <i—1<noln < n-ln <
n—2 n—2 n—2 n—2
1 1
1 1 i—1 i—1

If i = n, then the order on ®,, is
n—1n n— n
n—2 n— n—2

1

< << s < ey <2 < T <o

n

N =

nﬁz n—2

1 1 1 1 2

The brackets in S;(a) correspond to the stacks, and the crystal operators
from Definition 2.14 act by adding or removing ¢ from the top of an appro-
priate stack: f; adds i to the top of the stack corresponding to the leftmost
uncanceled ‘(.
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Example 4.1. The Kostant partition from Example 2.16 written in stack
notation is

34 4 & P4 43 34
a=11111% 8044 4 %344,

To find the bracket string Si(a), we consider only those roots in @4, and
associate to each a bracket, in the following order:

34
4 4 34 3
%222244

Sal@)= ) ) ) ) LT

There is no uncanceled left bracket, so

34 2 4 54 4 4 3 34
fro=T1LTLS 808448 9344,
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