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1. Introduction

Crystal basis theory is an elegant and fruitful subject born out of the theory of quan-
tum groups. Defined by Kashiwara in the early 1990s [13,14], crystals provide a natural
combinatorial framework to study the representations of Kac-Moody algebras (includ-
ing classical Lie algebras) and their associated quantum groups. Their applications span
many areas of mathematics, including representation theory, algebraic combinatorics,
automorphic forms, and mathematical physics, to name a few.

The study of crystal bases has led researchers to develop different combinatorial
models for crystals which yield suitable settings to studying a particular aspect of the
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representation theory of quantum groups. For example, highest weight crystals (which are
combinatorial skeletons of an irreducible highest weight module over a quantum group)
can be modeled using generalized Young tableaux [12,18], using the Littelmann path
model [26-29], using alcove paths [24,25] or alcove walks [35], using geometric methods
[4,7,19], and many others. The choice of using one model over the other usually depends
on the underlying question at hand (and/or on the preference of the author). In concert
with the descriptions for the highest weight crystals, there are several known realizations
of the (infinite) crystal B(oo) (which is a combinatorial skeleton for the Verma module
with highest weight 0), both in combinatorial and geometric settings, which have various
applications. Combinatorially describing the crystal B(oco) in affine types is still a work
in progress (see [21,22] for a generalization of the tableaux model to the affine setting
in certain types), so another combinatorial model for B(oco) in affine types may prove
useful.

Our choice of model will be that of rigged configurations, which arise naturally as
indexing the eigenvalues and eigenvectors of a Hamiltonian of a statistical model [3,20,23].
On the other hand, these eigenvectors may also be indexed by one-dimensional lattice
paths [2,8,9,30,41], which can be interpreted as highest weight vectors in a tensor product
of certain crystals. In recent years, the implied connection between highest weight vectors
in tensor products of Kirillov—Reshetikhin crystals and rigged configurations has been
worked out [32,34,37,38,40].

As we will show, the rigged configuration model has simple combinatorial rules for
describing the structure which work in all finite, affine, and all simply-laced Kac—-Moody
types. These combinatorial rules are only based on the nodes of the Dynkin diagram and
their neighbors. This allows us to easily describe the embeddings of B()) into B(u), where
Ao < pg for all indices a. Moreover, we can easily describe the so-called virtualization of
B(\) inside of a highest weight crystal of simply-laced type via a diagram folding.

The purpose of this paper is to extend the crystal structure on highest weight crystals
in finite type in terms of rigged configurations [6,31,37,38,40] to other types and to a
crystal model for B(co) in terms of rigged configurations. In slightly more detail, the
crystal B(oo) is a direct limit of all highest weight crystals, so by relaxing a certain
admissibility condition on elements of the highest weight crystal, we may obtain a rep-
resentative of an element of B(oo) given by a rigged configuration. An added perk of
describing B(co) using rigged configurations is that the description is type-independent.
However our proofs are almost type-independent as we can do our proofs uniformly
across all simply-laced finite types, but there will be some changes in the extension to
non-simply-laced finite types and then, again, when extending outside of finite type.

The organization of this paper goes as follows. Section 2 gives a background on crys-
tals and rigged configurations. In Section 3, we describe the rigged configuration model
for B(oo) for simply-laced finite types. In Section 4, we extend our model for arbitrary
simply-laced types. We extend our model to all finite, affine, and certain indefinite (sym-
metrizable) types in Section 5. We describe how highest weight crystals sit inside our
B(o0) model using rigged configurations in Section 6.
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Notational remark. The notation g may denote different objects in different sections,
but we will make this clear near the beginning of each (sub)section.

2. Background
2.1. Crystals

Let g be a symmetrizable Kac—-Moody algebra with index set I, generalized Cartan
matrix A = (A;j)i jer, weight lattice P, root lattice @, fundamental weights {A; : ¢ € I},
simple roots {o; : i € I'}, and simple coroots {h; : ¢ € I'}. There is a canonical pairing
(, ):PY x P— Z defined by (h;, aj) = A;j, where P is the dual weight lattice.

An abstract Uy(g)-crystal is a nonempty set B together with maps

wt:B— P, &, p;:B—ZU{-00}, e, fi:B— BU{0},
subject to the conditions

(1) i(b) =€i(b) + (hi,wt(b)) for all i € I,
(2) if b € B satisfies e;b # 0, then
(a) ei(eib) = &;(b) — 1,
(b) wiled) = i(d) +1,
(c) wt(e;b) = wt(b) + ay,
(3) if b € B satisfies f;b # 0, then
(a) 5z(fzb) = Ei(b) + 1,
(b) @i(fib) = ¢i(b) — 1,
(C) Wt(fﬂ)) = Wt(b) — ),
(4) f;6="0"if and only if b = ¢;b' for b’ € Band i € I,
(5) if @;(b) = —oo for b € B, then e;b = f;b = 0.
The operators e; and f;, for ¢ € I, are referred to as the Kashiwara raising and Kashiwara
lowering operators, respectively. See [10,14] for details.

Example 2.1. For a dominant integral weight A, the crystal basis
B()\) = {flk "'fil'll,)\ N il,. ..,ik S I, k S ZZ()} \ {0}

of an irreducible, highest weight U,(g)-module V(\) is an abstract U,(g)-crystal. The
crystal B(\) is characterized by the following properties.

(1) The element uy € B(A) is the unique element such that wt(uy) = A.
(2) For alli € I, e;uy = 0.
(3) Foralli € I, f"M ™y, = 0.
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Example 2.2. The crystal basis

B(oo):{flkf“uoo Zil,...,ik GI, kEZZO}

of the negative half U, (g) of the quantum group is an abstract U,(g)-crystal. Some
important properties of B(co) are the following.

(1) The element uy, € B(oo) is the unique element such that wt(us) = 0.
(2) For alli € I, e;use = 0.
(3) For any sequence (i1, ...,4x) from I, f;, -+ fi,too # 0.
An abstract Ug(g)-crystal is said to be upper regular if, for all b € B,
£i(b) = max{k € Z>q : e¥b # 0}.

Similarly, an abstract Ugy(g)-crystal is said to be lower regular if, for all b € B,

0i(b) = max{k € Zxq : fb # 0}.

If B is both upper regular and lower regular, then we say B is regular. In this latter case,
we may depict the entire i-string through b € B diagrammatically as

Oty s b e b fib e Ly per 0Ty Ly i)y

efi(b)b LN e’
Note that B(\) is a regular abstract Ug,(g)-crystal, but B(oo) is only upper regular.

Let By and Bj be two abstract Ug,(g)-crystals. A crystal morphism 1: By — By is a
map By U{0} — By U {0} such that

(1) $(0) = 0;
(2) if b € By and 9(b) € B, then wt(¢(b)) = wt(b), £;(¢¥(b)) = €;(b), and p; (¢ (b)) =
@i(b);

(3) for b € By, we have ¥(e;b) = e;1(b) provided v (e;b) # 0 and e;1h(b) # 0;
(4) for b € By, we have ¢(f;b) = fiyp(b) provided ¥ (f;b) # 0 and f;3p(b) # 0.

A morphism 9 is called strict if ©» commutes with e; and f; for all i € I. Moreover, a
morphism 9: By — By is called an embedding if the induced map B; U{0} — By LI {0}
is injective.

We say an abstract U,(g)-crystal is simply a U,(g)-crystal if it is crystal isomorphic
to the crystal basis of a U,(g)-module.

Again let By and By be abstract U, (g)-crystals. The tensor product By ® B; is defined
to be the Cartesian product By x Bj equipped with crystal operations defined by
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. . eibo ® by if 61([)2) > (pi(bl),
61(b2®bl) o {bg@@ibl lf{:‘z(bg) S (pi(bl)7
_ [ fiba® b ifei(b2) > pi(b1),
Jilbz ®@b1) = {b2®fib1 if £i(b2) < @i(b1),

Ei(bQ ® bl) = maX(€i(bg),€i(b1) <hZ7Wt(b2 >),
(pl(bQ ® bl) = max(goi(bl), (pl(bg) h“Wt b1 ),
wt(by ® b1) = wt(ba) + wt(by).

Remark 2.3. Our convention for tensor products is opposite the convention given by
Kashiwara in [14].

More generally if By, ..., B; are regular crystals, to compute the action of the Kashi-
wara operators on the tensor product B = B; ® - - - ® By ® By, we use the signature rule.
Indeed, fori € T and b=b; ® - - - ® by ® by in B, write

i — e — e — e —
—— — —— —

©i(br) €i(be) wi(b1)  ei(b1)

From the above sequence, successively delete any (—,+)-pair to obtain a sequence

t-sgn(b) =4+ —---— .

»i(b) ei(b)

Suppose 1 < j_, ji <t are such that b;_ contributes the leftmost — in i-sgn(b) and b;,
contributes the rightmost + in i- sgn(b). Then

einbt®"'®bj7+1®€ibj7®bj771®"'®b17
fib=b;® - ®@bj,41® fibj, ®bj. 1@+ R by.

Let € denote the category of abstract U,(g)-crystals. In [17], Kashiwara showed that
direct limits exist in €. Indeed, let {B,};cs be a directed system of crystals and let
ty,j: Bj — By, j < k, be a crystal morphism (with ¢, ; being the identity map on B;)
such that ¥y ;1 = Yr;. Let B = lim B; be the direct limit of this system and let
Y Bj — B. Then B has a crystal structure induced from the crystals { B, },c. Indeed,
for b € B and i € I, define e;b to be 1;(e;b;) if there exists b; € B; such that v;(b;) = b
and e;(bj) 7& 0. This definition does not depend on the choice of b;. If there is no such b;,
then set ezb = 0. The definition of be is similar. Moreover, the functions wt, €;, and ;
on B; extend to functions on B.

2.2. Rigged configurations

Let g be a symmetrizable Kac—-Moody algebra with index set I. Set H = I X Z~y.
Consider a multiplicity array
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L= (L' €Zso: (a,i) € H)

and a dominant integral weight A of g. We call a sequence of partitions v = {1/(“) ca €}
an (L, A)-configuration if

Yo imPag= Y LA, - A, (2.1)
(a)eH (ai)EH
where mga) is the number of parts of length i in the partition v(*). The set of all such
(L, \)-configurations is denoted C(L, A). To an element v € C(L, \), define the vacancy
number of v to be

a a e a Aab . . . b
pl(. ) = pg )(u) = Zmln(z,])Lg ) Z — mm(vaz,vw)mﬁ- ), (2.2)
720 wpen

where {7, : a € I'} are some set of positive integers. If g is of simply-laced type, we take
vq =1 for all a € I.

Recall that a partition is a multiset of integers (typically sorted in decreasing order).
A rigged partition is a multiset of pairs of integers (i, ) such that ¢ > 0 (typically sorted
under decreasing lexicographic order). Each (i, z) is called a string, where i is called the
length or size of the string and x is the label, rigging, or quantum number of the string.

Finally, a rigged configuration is a pair (v,J) where v € C(L,\) and J = (Ji(a))(a Den

where each JZ-(a) the weakly decreasing sequence of riggings of strings of length 7 in /().
(a) >

7

We call a rigged configuration valid if every label x € Ji(a) satisfies the inequality p
for all (a,7) € H. We say a rigged configuration is highest weight if > 0 for all labels z.

(a)

Define the colabel or coquantum number of a string (i,z) to be p;"’ — z. For brevity, we

will often denote the ath part of (v,.J) by (v, J)(*) (as opposed to (v(@, J(@))),

Example 2.4. Rigged configurations will be depicted as sequences of partitions with parts
labeled on the left by the corresponding vacancy number and labeled on the right by the
corresponding rigging. For example,

-1 -1 1 1 0 0 OB:]O OB:]O
-1 -1 1 1 0 -2 0L_]O 0L_]JO
11 010
0L_10

is a rigged configuration with g = D5 and L is given by Lgl) = L(12) = ng) = 1 with all

other Lga) =0.

Denote by RC*(L, \) the set of valid highest weight rigged configurations (v, J) such
that v € C(L, A). In [38], an abstract U,(g)-crystal structure was given to rigged config-
urations, which we recall first by defining the Kashiwara operators.
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Definition 2.5. Let (v,J) be a valid rigged configuration. Fix a € I and let  be the
smallest label of (v, .J)(@.

(1) If « > 0, then set e, (v, J) = 0. Otherwise, let ¢ be the minimal length of all strings
in (v,.J) which have label x. The rigged configuration e,(v,.J) is obtained by
replacing the string (¢, z) with the string (¢ — 1,2 4 1) and changing all other labels
so that all colabels remain fixed.

(2) If z > 0, then add the string (1, 1) to (v,J)(®. Otherwise, let £ be the maximal
length of all strings in (v, J)(® which have label x. Replace the string (£,z) by the
string (¢ 4+ 1,2z — 1) and change all other labels so that all colabels remain fixed. If
the result is a valid rigged configuration, then it is f,(v, J). Otherwise f,(v,J) = 0.

Let RC(L, \) denote the set generated by RC*(L, A) by the Kashiwara operators. For
(v, J) € RC(L, \), if f, adds a box to a string of length £ in (v, .J)(®), then the vacancy
numbers in simply-laced type are changed using the formula

(b) e
. if 1 <V,
p =10 (23)
P, = Aab if 71> 4.

i
On the other hand, if e, removes a box from a string of length ¢, then the vacancy
numbers must be changed using

(b) e

b D; ifi <4,

" = { " . (2.4)
p, + Aa ifi>1

Let RC(L) be the closure under the Kashiwara operators of the set RC*(L) =
Usep+ RC*(L, A). Lastly, the weight map wt: RC(L) — P is defined as

wt(v,J) = Z i(Ll(-a)Aa — mga)aa). (2.5)
(a,i)EH

Example 2.6. Let (v, J) be the rigged configuration from Example 2.4. Then

es(v,J) = -1 -1 0 0 2 2 —1 -1 -1 !
-1 -1 0 0 0[]0 o Jo o _Jo
1 o[ |0
0L 0
and
fo(v, J) = 0 0 -1 -1 1 1 o[ T o o[ T]o
( ) 0 0 -1 -1 1 -1 0 |0 0 |0
~1[ =1 1
-1 -1 111
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Also we have

Wt((l/, J)) =2A1 + Ay + A3 — 4oy — bag — 6ag — 3oy — 3as
= —A1 + Ay,

Wt(e3(1/, J)) = A +2A3 — Ay — A5 = —A + Ay + a3,
Wt(fg(u, J)) =—As+A3=—A1 + Ay — an,

Theorem 2.7. (See [38, Thm. 3.7].) Let g be a simply-laced Lie algebra. For (v,J) €
RC*(L, \), let X, 5y be the graph generated by (v,J) and eq, fo for a € I. Then X,y
is isomorphic to the crystal graph B(X) as Uy(g)-crystals.

Remark 2.8. In [38], elements of X, ;) were called unrestricted rigged configurations
and the graph X, ;) was denoted X(D’j).

We note that our condition for highest weight rigged configurations is equivalent to
the rigged configuration being highest weight in the sense of a crystal of type g; i.e., that
the action of all e, on a highest weight rigged configuration is 0.

In the sequel, set vy to be the multipartition with all parts empty; that is, set vy =
(D, ..., v™) where 1) = § for all (a,i) € H. Therefore the rigging Jy of vy must be
Ji(a) = () for all (a,i) € H. When discussing the highest weight crystals X, j,), we will
choose our multiplicity array L to be such that

ST LA, = A
(a,i)EH

It is clear that there are several choices of L that may fit this condition, but this does
not affect the crystal structure.

Definition 2.9. Define RC()) to be X(,, j,) for any symmetrizable Kac-Moody algebra.
3. Rigged configuration model for B(oco) in simply-laced finite type

For this section, unless otherwise noted, let g be a Lie algebra of simply-laced finite
type. We wish to generate a model for B(co) with (vy, Jp) as its highest weight vector. By
choosing a fixed A > 0, for any (v, J) € RC()), there exists k > 0 such that f¥(v, J) =0
by the validity condition given in Definition 2.5. Therefore, we need a modified Kashiwara
operator f! (for a € I) on rigged configurations to allow the condition (f.)*(v,J) # 0
for all k > 0. To do so, simply define f/ by the same process given in Definition 2.5 with
the validity condition omitted and choose A = 0.

Definition 3.1. For any symmetrizable Kac-Moody algebra g with index set I, define
RC(00) to be the graph generated by (vy, Jy), eq, and f., for a € I, where e, acts on
elements (v, J) in RC(co) using the same procedure as in Definition 2.5.
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The remainder of the crystal structure is given by

ca(v, J) = max{k € Z>q : e (v, J) # 0}, (3.1a)

va(V,J) = eq(v, J)—!—(ha,wt(y J)), (3.1b)

wt(v, J) = — Z zm D, = Z 1\ |ag. (3.1c)
(a,i)eH acl

It is worth noting that, in this case, the definition of the vacancy numbers reduces to

pz(-a)( (a) Z Agpmin(i, j)m (b) (3.2)
(b,J)eH

Example 3.2. Let g be of type A5 and (v, J) be the rigged configuration
J)y=-1[]-1 —2[]]-1 o[ 1 o[ ]-1 =3[ ] ]-1
Then wt(v, J) = —ay — 200 — a3 — g — 205,
J)y=-1]-1 o[ ]o o[ 1 o[ J-1 =3[ ]-1
and

fo(v,J)= -1]-1 =4[ [ ]-2 o[J1 o[J-1 -3[]]-1

Lemma 3.3. The set RC(00) is an abstract Uy(g)-crystal with Kashiwara operators e,
and f! and remaining crystal structure given in Eq. (5.1).

Proof. This proof here is similar to that given in Proposition 3.5 of [37]. We need to
show the following, for (v, J) in RC(c0).

(1) If eq(v,J) # 0 for a € I, then fle,(v,J) =

(2) For any a € I, we have e, f.(v,J) = (v, J).

(3) If eq(v,J) # 0 for a € I, then Wt(ea J)) = wt(v, J) + aq.

(4) For a € I, wt(fL(v, J)) = wt(v, J) —

(5) Fora €I, eq(fi(v,J)) =cea(v,J) + 1 and o (fL(v, ) = @alv,J) — 1.

Let (v, J) be an arbitrary rigged configuration in RC(00). In what follows, we will suppose
that mga) is the number of parts of length i in the partition »(*) and that  is the smallest
label of (v, J)(@). Set (v, J') = f.(v,J) and (v, J") = eq(v, J).

To prove (1), suppose that (v, J") is obtained from (v,J) by changing the string
(4,x) to (£ — 1,2 + 1), so that ¢ is the minimal length string among all strings with
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label z. If ¢ < ¢ and (i,y) is a string in (v, J), then p(a)( N = pga)(z/) by (2.4). Thus
(i,y) is unaffected by the action of e,, and y > = + 1. On the other hand, if ¢ > ¢, then
P (") = pi™ (v) + 2 by (2.4). Thus (4, y) is replaced by the string (i,y + 2) under the
action of e, and y + 2 > x + 1. In both cases, (£ — 1,z + 1) is the string with minimal
label and longest length, so f! will change (¢ — 1,24 1) to (¢,z) and fle,(v,J) = (v, J),
as required.

Suppose that (v, J’) is obtained from (v, J) by changing the string (¢,z) to (¢ + 1,
x —1), so £ is the maximal length of all strings with label z. If i < ¢ and (i, y) is a string
in (v, J)(®, then pz(-a)(u’) = pga)(z/) by (2.3). Thus (4,y) is left unaffected by the action
of f!, and y > 2 — 1 because z is the smallest label of (v, J). On the other hand, if i > ¢,
then p\™ (v/) = p!” (v) — 2 by (2.3). Thus (4, y) is replaced by (i,y — 2) by the action
of f/ and y —2 > = — 1. In both cases, (¢ + 1,z — 1) is the string with minimal label
and shortest length, so e, will change (¢ + 1,2 — 1) to (¢,z) and eq f,(v,J) = (v, J) to
prove (2).

For (3), if (v",J") # 0 for some a € I, then (v”,J") is obtained from (v,J) by
replacing the string (¢, z) with (¢ — 1,z 4+ 1), where ¢ is the minimal length of all strings
n (v,J)@ having label z. Then | (®)| = [v(®)| — 1 and the result follows.

To see (4), if # > 0, then the string (1,—1) is added to (v, J)(®). Then |/ ()| =
|v(@)| + 1. On the other hand, if < 0 and £ is the maximal length of all strings in
(v, J)(® with label z, then the string (¢, ) is replaced by the string (£ + 1,z — 1), so
|V (@] = |v(@)| +1. In both cases, the equality [/ (*)| = |(*)| 41 yields the desired result.

The first part of (5) follows immediately from the definition. To see ¢, (f,(v,J)) =
¢a((v,J)) — 1, we have

a(fo(v, ) = (ha, Wt (fo (v, )))) + €a(fa(v, )
= (hg, wt(v, J)) — (ha, aq) + €a(v, J) +
= (ha, wt(v, J)) =2+, (v, J) + 1

=, ( ,J) — 1. O

Definition 3.4. For a weight X, let T) = {t,} be the abstract U,(g)-crystal with operations
defined by

eatx = fata =0,  ea(ta) = wa(ta) = —00,  wt(tx) = A

For any abstract U,(g)-crystal B, the tensor product T\ ® B has the same crystal
graph as B, but with each weight shifted by A (and appropriate modifications to &,
and ¢, ). Following [17], there is an embedding of crystals

I/\+/L,)\: T ,® B(/\) — T—)\—u ® B()‘ + Iu)

which sends t_) ® uy — t_x_, ® ux4+, and commutes with e, for each a € I. Moreover,
for any three dominant weights A, p, and &, we get a commutative diagram
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Ixgpn

T_,® B(X\) T 5, @ B(A+p)

I
m J e (33)

T s pe®BA+p+).

Using the order on dominant integral weights given by u < X if and only if A — u € PT,
the set {T_) ® B(A)}rep+ is a directed system.

Theorem 3.5. (See [17].) We have B(oco) = lim T_, ® B(A).
AepP+t

By Theorem 2.7, each B(\) is U,(g)-crystal isomorphic to the graph RC(\) generated
by a highest weight rigged configuration (v, J) of weight A in RC(L) and the Kashiwara
operators e, and f, defined in Definition 2.5. Thus we have

@ T_,®B(\) = @ T_,» @ RC(N).
AepP+ AeEP+

Our goal is to complete the diagram

lim 7, ® B(}) = lim 70, ® RC(A)
AeP+ AeP+
| ii o
B(oo) === -5 > RC(00)

by proving that the dashed equality on the right side of the square is actually an equality
among U, (g)-crystals. Then we may define an isomorphism along the bottom of the
square by taking the composite map along the top of the diagram.

Lemma 3.6. Let A and p be dominant integral weights, and let
IN)\+N7,\: T \® RC()\) — T—)\—H X RC()\ + ,u)

byt ® (v, J) = tox_, @ (V,J'"), where (V',J') = (v, J) as rigged configurations but
has vacancy numbers considered as an element of RC(A + u). For (v,J) € RC()), the
image (V',J") is valid in RC(A + ). Moreover, Iy, x is a crystal embedding.

Proof. Write A =37, il A, and p = D ani)eH iK™ A,. Then

a,i)€

pPw) =Y min(i, )L — > (aglop) min(i, jm!”

Jj=1 (b,g)EH
< Z min(z, j) (Lg»a) + Kj(-a)) — Z (Qa|ap) min(i,j)mg»b)
jz1 (bj)eH

= pga) (Z//)
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Thus

max Ji(a) = max Jil(a) < Pz('a)(y) < pga)(y/)’

for all (a,i) € H such that J' # () (and hence J; # (). This proves that (+/,.J') is
valid so that Iyy, » is well-defined. Moreover, we have

wt(t_a_p @ (V, )
=—(A+p) +wt@,J)
Y KO S A K i

(a,i)eH (a,i)eH

- _ Z iLEa)Aa + Z i(Ll(.a)Aa — mz(-a)aa)
(a,i)eEH (a,i)eH

= -+ wt(v, J)

= wt(t_r ® wt(v, J)),

which shows that I, A+p,1 Preserves the weight map. Since I A+, is the identity on rigged
configurations, we obtain that e, commutes with I Ap,n and I A, ) Dreserves g, for all
a € I. Also, f, commutes with T/\ﬂw\ if fo(v,J) # 0 because the map is the identity
map on rigged configurations. Then

oWV, ) = oV, J) + (ha, u + A)
=ca(,J) + (hay A) + {hq, 1)
= (pa(l/? J) + <havu>7

so we have

Pa (LA ® (v, J)) = max{—00, g (v, J) + (hq, —A)}
= Soa(’/a J) + <haa *>‘>
= 90(1(1/’ J/) + <ha’ —A— M>
= max{—00, 9, (v, J') + (ha, =X — )}
= Sotl (tf)\fu ® (1//, J’)).
Hence I, A, is a crystal embedding. O
To complete the construction of a directed system of crystals of rigged configura-

tions, we have the following lemma, which follows from a modification of the proof of
Lemma 3.6.
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Lemma 3.7. For dominant integral weights X\, i, and &, the diagram

Ik+u,*

T_, @ RC(X) T 5_, @ RC(A+p)

- J Ingptextp
Ingpven

T s ye ®RCA+ 1+ €).

commutes.

Proof. Follows by repeated use of Lemma 3.6 and the fact that I _,— is the identity on
rigged configurations. 0O

Lemma 3.8. We have RC(c0) = lim T, ® RC(A) as abstract Uy(g)-crystals.
AEPT

Proof. By Lemmas 3.6 and 3.7, {T_) ® RC(A\)} ep+ forms a directed system. Let X
denote the direct limit lim 7"y ® RC(A). Let ©: X — RC(c0) be the identity map
on rigged configurations; that is, for # € X such that 2 = I)(t_) ® (v,.J)), we have
O(z) = (v, J). To make the setting clear, we will denote the Kashiwara operators on
X by €., fa, the Kashiwara operators on RC(\) and T_y ® RC(A) by €, £, and the
Kashiwara operators on RC(o0) by eq, f1.

To see that © commutes with Kashiwara lowering operators, for x € X and A such
that © = TA(t_,\ @ (v,J)), we have

faor = L(fMNt-x® (1, 1)) = L(t-x @ f2 (v, J)),

where t_) ® (v, J) satisfies the condition f)(v,J) # 0. Note that any such \ will suffice
by the definition of the direct limit. Thus

O(fux) = f2 (v, J) = fi(v,]) = fLO(z).

The calculation involving the Kashiwara raising operators is similar. By the definition of
the weight function, it is clear that © preserves weights. Moreover, © sends the highest
weight vector of X to the highest weight vector (v, Jy) of RC(00), so © is a bijection. O

Theorem 3.9. Let g be a Lie algebra of simply-laced finite type. Then there exists a
Uq(9)-crystal isomorphism B(oco) = RC(c0) which sends us — (vy, Jp).

Proof. By Lemma 3.8, the dashed arrow on the right-hand of the square in (3.4) becomes
an isomorphism of U,(g)-crystals, so we may construct an isomorphism by composing
the maps along the outside of the square. O
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Remark 3.10. From this point forward, we denote f/ simply by f,. This should not cause
any confusion.

4. Extending Theorem 3.9 to arbitrary simply-laced Kac-Moody algebras

We show the convexity condition holds for general symmetrizable types.

Lemma 4.1. Consider a rigged configuration (v,J). Fiz (a,i) € H and suppose that
mga) = 0. Let C’a7b,C’a ps CY b € Zxo for all a,b € I, and consider the generalization of
the vacancy numbers for (v, J) to

=Y min(i, )LV = 3" OV, A min(Capi, Cp 5)m)”

Jjz1 (b.J)eH

We have
(a) >pZ )1—|—p( a)

Proof. Consider any (b, j) € H and define
= Z min(Cy 47, C’('l,bk)m;b).
k=1

This is the number of boxes in the first C, ;5 columns in the shape C’[hbu(b). Set @;b) =
Q§-b) — Q;l?l and E;-b) = QJ+1 Q(b We must have 6 (b) > ”;b) > 0 since C’;,bu(b) is a
partition. Thus
2Q\" =20, + 201"
> 20", + 0 + =
=Q", +Q" + =
b
Q( )1 + Q]+1

(a)

Since m!® = 0, we have Z{* = 0/ and so

Q(a) an)1 + Qz(j-)l'

Recall Ay, <0 for all @ # b and C(Xb > 0. Therefore we have _C:,bAab >0 for all a # b,
and hence

-2 Z C,XbAang'b) > — Z bAab(Q§b)1 + Q;H)

(b,g)eH (b,j)EH
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Similarly we can show that

> " min(i, )L >3 min(i - 1,5) LY + min(i + 1, 5) L8
7>0 >0

and hence
2p® > pi?) + pz('i)l' 0
We also show the following proposition for generalized types.

Proposition 4.2. Consider a rigged configuration (v,J) € RC(c0). Fiz some a € I and
consider the generalization of the vacancy numbers given in Lemma 4.1 such that pgé) =

(ha,wt(v,J)). Let x be the smallest label of (v, )@ and s = min(0,z). Then we have
ca, J) = =5,  wa(v,J) =p@) —s.

Proof. The proof that ¢,(v,J) = pg‘é) — s follows that given in [38, Lemma 3.6] and
relies on the convexity statement of Lemma 4.1. The statement for ¢, (v, J) follows from
Y = (he, wt(v, J)) = @a(v, J) — ea(v, J) (or [37, Thm. 3.8]). O

Note that the proof of Theorem 2.7 given in [38] is based on the Stembridge axioms [43]
and does not use the condition that the crystal of finite type. However it does rely upon
Proposition 4.2 for simply-laced types (this is contained in [38]). Hence the proof holds
for arbitrary simply-laced types, and it gives a rigged configuration model for highest
weight modules in arbitrary simply-laced types. Similarly, the proof of Theorem 3.9 does
not use any assumption that the Kac-Moody algebra be of finite type, so our result
extends to arbitrary simply-laced types.

Theorem 4.3. Let g be of simply-laced type. Then there exists a Uy(g)-crystal isomorphism
B(oo) =2 RC(00) which sends uso — (v, Jp)-

Example 4.4. Consider the hyperbolic Kac-Moody algebra H. f4) (see [5] for the notation

and list of Dynkin diagrams), whose Dynkin diagram is the complete graph on four
vertices.

4

Then the partitions are enumerated as (1/(1), SO 1/(4)) and
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Table 5.1
Well-known embeddings g — g of affine Kac-Moody algebras by type as given in [11] (n # 1).
type Ofg C'I(L1>7Aéi)7Aé2n)T7D7(124>»l Bv(Ll)vA(Zi)fl Eé2)ﬂF4(l) G(Zl)vDé(LS)
wreofs AW ol B oy
L O e I L e

5. Extending Theorem 3.9 to non-simply-laced Lie algebras
5.1. Virtual crystals

In this section, g denotes an affine Kac-Moody algebra with classical subalgebra gg.
Fix one of the embeddings g — @ from Table 5.1, so that g is simply-laced with index
set denoted by I. Let T be the Dynkin diagram of g and T be the Dynkin diagram of
g.? These embeddings arise from the diagram foldings ¢: r N\ I'. We also have to define
additional data v = (74)qers in the following way.

(1) Suppose I' has a unique arrow. Removing the edge with this unique arrow leaves two
connected components.
(a) Suppose the arrow points towards the component of the special node 0. Then
Yo =1forallael.
(b) Suppose instead the arrow points away from the component of the special node
0. Then -, is the order of ¢ for all a in the component of 0 after removing the
arrow. For a in the component not containing 0, set vy, = 1.
(2) If T has two arrows, then I" embeds into the Dynkin diagram of Aéﬁg_l. Then v, =1
forall 1 <a <n-—1, and for a € {0,n}, we have v, = 2 if the arrow points away
from a and v, = 1 otherwise.

We have two special cases of the above for types Agl) and A§2). For type Agl), we
consider the diagram folding of Aél) given by ¢~1(0) = {0,2} and ¢~ 1(1) = {1,3}
and 79 = v1 = 1. For type Ag2), we consider the diagram folding of Dfll) given by
¢71(0) = {0,1,3,4} and ¢=*(1) = {2} and 7o = 1 and y; = 4.

The embeddings in Table 5.1 yield natural embeddings ¥: P — P of weight lattices
as

Aoy = e Z Kb and Qg > Ya Z Op.
begp—1(a) bep=1(a)

2 From now on, if S is an object associated with g, then S will denote the corresponding object associated
with g under the appropriate embedding listed above.
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This implies that ¥(4) = €000, where & (resp. S) is the minimal positive imaginary root
in P (resp. P).

Remark 5.1. There is another folding of Dfll) to obtain Ag) by setting ¢~1(0) = {2} and
¢~ 1(1) = {0,1,3,4}, but with 79 = 71 = 1. Since 0 ¢ ¢~1(0), we have ¥(§) # 0070:5\.
This implies ¥(4) = c¢(0)'y¢(0)g; i.e., we want the coefficients of 5 to correspond to the
image of 0 under the diagram folding. Alternatively we could consider this as a folding
of A;Z)T, which is the same as the Dynkin diagram of Aéz) but with the labels of nodes
interchanged (with 1 as the affine node).

Next we restrict our focus to untwisted types; that is, we only consider
i — Agb)fla B — DSJZIV
Vs g e — pP, (5.1)

When restricting to the classical subalgebras from (5.1), we get the embeddings

Cn — A2n717 Bn — DnJrl;

Fy — Fg, Gy — Dy, (5.2)

via diagram foldings.

If gg — o is one of the embeddings from (5.2), then it induces an injection
v: B(A) — B(X) as sets, where W()\) = A. However, there is additional structure on the
image under v as a virtual crystal, where e, and f, are defined on the image as

=TI &- and = [ 5 (5.3)
)

bep—1(a) bep—1(a

respectively, and they commute with v [1,33,34]. These are known as the virtual Kashi-
wara (crystal) operators. It is shown in [16] that for any a € I and b,b' € ¢~1(a) we
have eper = eprep and fp fy = fir fp as operators (recall that b and b’ are not connected),
so both e and f; are well-defined. The inclusion map v also satisfies the following
commutative diagram.

B(\) ¢ . B
WtJ J; (5.4)
Pc P
v

In [1], it was shown that this defines a U,(g)-crystal structure on the image of v. More
generally, we define a virtual crystal as follows.
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Definition 5.2. Consider any symmetrizable types g and g with index sets I and Ii
respectively. Let qS:f — I be a surjection such that b is not connected to o’ for all
bt € p~(a)and a € I. Let Bbea U,(g)-crystaland V C B.Lety = (Yo €Zso:a€l).
A virtual crystal is the quadruple (V, B ,®,7) such that V has an abstract Ugy(g)-crystal
structure defined using the Kashiwara operators e’ and f? from (5.3) above,

Ea =5 &b, Pa =75 Db, for all b € ¢~ (a),
and wt := U~ ! owt

Remark 5.3. The definition of €, and ¢, forces all of our virtual crystals to be aligned,
as defined in [33,34].

We say B virtualizes in B if there exists a Uy(g)-crystal isomorphism v: B — V.
The resulting isomorphism is called the virtualization map. We denote the quadruple
(v, E, ¢,7) simply by V when there’s no risk of confusion.

The virtualization map v from rigged configurations of type gg to rigged configurations
of type go is defined by

=m0 =, (5.5)

for all b € ¢! (a). A U,(go)-crystal structure on rigged configurations is defined by using
virtual crystals [34]. Moreover, we use Eq. (5.5) to describe the virtual image of the type
go rigged configurations into type go rigged configurations. Explicitly (7, J) € V if and

O =7 and I = T for all b,¥' € ¢~(a),
Eb)E’yZandj()EPyaZforalleqb Y(a), and
Eb)*Oandj(b)fOforall]¢7aZforallb€¢ Ya).

Example 5.4. Consider the rigged configuration in type Cs
1 h —15—1
-1 ]-1

with Lgl) = L( ) = =1, all other L( o) = 0, and weight Ay — As. The corresponding virtual
rigged configuration in type As is

I -2 -2 1

-2 -2

with Lgl) = ng) = Lg) =1, all other Lga) =0, and weight A; + Az — 2As.
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Remark 5.5. There exist rigged configurations for Ugy(go)-crystals when g is of twisted
affine type by considering U; (g) crystals; however, we omit those here in order to avoid
confusion as we will be considering rigged configurations for U,(g)-crystals in the sequel.
In particular, for type Agiﬁ, the riggings of v(™) are in %Z. See [34] for more information.

We note that it is sufficient to consider single tensor factors by the following propo-
sition.

Proposition 5.6. (See [33, Prop. 6.4].) Virtual crystals form a tensor category.

Although [33] is concerned with U, (g)-crystals, the proof of Proposition 5.6 does not
use the U, (g)-crystals condition, but instead is a statement about the tensor product
rule. It has been cited as above in other papers; e.g., Proposition 3.3 of [34].

5.2. Extending Theorem 3.9 to all finite types

In this section we assume g is of non-simply-laced finite type. For the vacancy numbers,
we just consider this as the classical subcrystal in the corresponding untwisted affine type.
Again, let RC(00) be the set generated by (v, Jy) and e,, f, for a € I, where e, and f,
are defined as in Section 3.

Proposition 5.7 and Theorem 5.8 below are proven in [39] for all finite types. We will
require these results in the sequel.

Proposition 5.7. The crystal RC(\) virtualizes in RC(X).
Theorem 5.8. Let g be of finite type. We have RC(\) & B(\).

o~

Remark 5.9. Note the proof of Theorem 5.8 uses the fact that B(\) virtualizes in B(\)
in finite types [1,33,34].

By combining the virtualization results above with the method of proof given for
Theorem 3.9, we may extend Theorem 3.9 to include non-simply-laced finite types.

Theorem 5.10. Let g be of any finite type. Then there exists a Uq(g)-crystal isomorphism
RC(00) = B(00) such that (vg, Jp) — teo-

Proof. The proof of Theorem 3.9 holds here by following Section 3 and using Theorem 5.8
in place of Theorem 2.7. 0O

We also have the virtualization of B(oo) crystals.

Proposition 5.11. Let g be of any finite type. The Uy(g)-crystal B(oo) virtualizes in the
U,(g)-crystal B(oo).
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Proof. This follows immediately from the fact that the diagram

I>\+u,u
T_\ ® B()) T r—p ® B+ p)
T 5@ B(\) - T 5 ,@BOA+)
PN

commutes. O
5.3. Recognition theorem

From the above, we see that we only need to know the factors (v,)secs in order to
show that we get a virtualization of the U,(g)-crystal of rigged configurations into a
U,(g)-crystal by Eq. (5.5). Thus we make the following conjecture.

Conjecture 5.12. Let g be obtained via a diagram folding ¢ of a simply-laced type g. There

~

exists (Ya)acr such that RC(X) virtualizes in RC(X) by Eq. (5.5).

We have this for all finite and affine types using the foldings given in Table 5.1. We
can also show this for all rank 2 with Cartan matrix

(5 3)

by considering a diagram folding of K, ,, the complete bipartite graph on z and y
nodes, with 77 = 9 = 1. In such foldings, it is easy to see that Conjecture 5.12 holds
from Eq. (2.2). In fact, we believe there exists a g such that v, = 1 for all @ € I, and we
call such a folding natural.

In their development of the geometric construction of the crystal basis, Kashiwara
and Saito [19] established a recognition theorem for the crystal B(oo) valid for all sym-
metrizable Kac-Moody types. In this section, we will recall the recognition theorem with
appropriate definitions and extend Theorem 3.9 to all Kac-Moody algebras satisfying
Conjecture 5.12 using the recognition theorem.

Remark 5.13. A straightforward check shows that Proposition 5.7 holds in our affine
setting, which requires Lemma 4.1, and so Conjecture 5.12 is true in affine types.

Remark 5.14. A priori, we do not have that RC(\) = B()) for arbitrary symmetrizable
types, as there is no equivalent version of Table 5.1 which would give the analogous state-
ment to Theorem 5.8. Therefore we must change our techniques to show that the crystal
RC(00) = B(o0) by using the B(oo) recognition theorem given in [19]. Nevertheless, we
will be able to show that those RC(\) carved out of RC(c0) are isomorphic to B()) in
Section 6.
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From this viewpoint, it would be natural to restrict our attention for affine foldings
from Table 5.1 given by

2 1 2 1
Diﬂzl — AJ) |, AR — Dr(zlh
By «— EY, DY — DIV, (5.6)

as these foldings satisfy 7, = 1 for all @ € I. The corresponding classical foldings
from (5.2) are given by

Bn — A2n717 Cn — DnJrl;

Fy — EG: G2 — Dy. (57)

We should also note that we can get natural foldings of the other (non-degenerate) affine
types by

Br(Ll)vAéi) — Dgiz)—&-l e — D;lll

o~

As in Remark 5.1, we have W(8) = c4(0)74(0)0-

Definition 5.15. Let g be a symmetrizable Kac-Moody algebra and fix a € I. Define
Z(q) = {za(m) : m € Z} with the abstract U,(g)-crystal structure given by

Wt(za(m)) = MQyg, Lpa(za(m)) =m, &g (za(m)) = —m,
2 (Za(m)) = Eb(za(m» = —oo for a 7é b7
eaza(m) = zo(m+1), faza(m) = zo(m — 1),

epza(m) = foza(m) =0 for a # b.
The crystal Z,) is called an elementary crystal.
Remark 5.16. The crystal Z,) was originally denoted by B; in [15].
We must first prove a technical lemma about the virtual elementary crystals.
Lemma 5.17. Let g be a Kac—Moody algebra satisfying Conjecture 5.12. Let ¢ be the
diagram folding with scaling factors (Va)acr. Fiz some a € I. The elementary crystal Z,)

virtualizes in i(a) = ®b€¢*1(a) Z) (for any order of the factors) with the virtualization
map v(a) defined by

Za(m) — ® 2 (Yam).

bep~1(a)
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Proof. If Z(Q) = Z) where {b} = ¢~(a), then it is easy to see the claim is true from
Definition 5.15.

Now we assume Zq) = Zy,)@Zp,) where {by,bo} = ¢~ (a) and by # by Ifb ¢ ¢~ (a),
then

&p (zb2 (Yam) & 2p, (’yam)) = max(—00, —00 — {hp, YaMmap,)) = —00.

If b = by, then we have

&b (26 (Yam) @ 23, (Yam)) = max(—y,m, —00 — (hy, Yamow,))

= —Yam
= Ya€a (Za(m)>
since —oo + k = —oo for any finite number k. If b = b1, then we have

€b (sz (’Yam) ® Zby ('yam)) = max(—oo, —YaT — <h’b7 7amab2>)
= —’yam
= Ya€a (Za(m))

since by # bo. Similar statements hold for ¢y (zb2 (Yam) ® zp, (’yam)). From the tensor
product rule,

2b, (Yam) ® Gb(Zb1 (Vam)) if b = by,
eb (25, (Yam)) @ 2p, (vam)  if b = by,

0 otherwise,

€p (sz (Vam) @ 2p, (Vam))

2y (Yam) ® 24, (Ya(m +1))  if b= by,
= 2, (Ya(m +1)) @ 25, (yam)  if b= by,

0 otherwise,

and

Zby (Yam) @ fo (2, (Yam))  if b= by,

Fo(20,(Yam) @ 2, (am)) = ¢ fo (25, (Yam)) © 25, (vam) — if b= bo,
0 otherwise,
23 (Yam) @ 2, (Ya(m — 1)) if b= by,
=9 2, (Ya(m — 1)) @ 2, (yam)  if b= b,

0 otherwise.

Thus we have
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(€5 0 v)(2a(m)) = €]} €] (26, (Yam) @ 2, (yamn))
= 24, (Ya(m + 1)) ® 25, (Ya(m + 1))
=v(za(m + 1))

=v(eaza(m)),

and (€4 0 v)(2a(m)) = 0 = v(eq z4(m)) for a’ # a. Similar statements can be shown for
fo and f, for a’ # a. Lastly

wt (sz (’Yam) @ Zp, (’Yam)) = /Yam(abQ + abl) = ;V\t(za (m))

Therefore Z 4 virtualizes in Z,,) ® Z(,) with virtualization map v. It is clear that it is
independent of the ordering. Moreover, we may generalize to the case of finitely many
tensor factors using induction and associativity of the tensor product with a similar
argument as above. 0O

Theorem 5.18 (Recognition theorem). (See [19, Prop. 3.2.3].) Let g be a symmetrizable
Kac-Moody algebra, B be an abstract Uy(g)-crystal, and x¢ be an element of B with
weight zero. Assume the following conditions.

(1) wi(B) C Q-

(2) =z is the unique element of B with weight zero.

(3) ea(mo) =0 forallael.

(4) eq(z) €Z for allz € B and a € 1.

(5) For every a € I, there exists a strict crystal embedding V,: B — Z,) ® B.

(6) Wo(B) C {f"z,(0) : m >0} x B.

(7) For any x € B such that x # xq, there exists a € I such that U,(x) = fI2,(0) ® 2’
with m > 0 and 2’ € B.

Then B is isomorphic to B(c0).

Lemma 5.19. Assume g satisfies Conjecture 5.12. Then the crystal RC(\) is generated
by (vg, Jy) and fo for alla € 1.

~ -~ o~ ~

Proof. By assumption, RC()\) virtualizes in RC(\). Since RC(\) & B(A) and B(\) is
generated by its highest weight vector and f, for all a € I, the statement follows. O

Theorem 5.20. Let g be a Kac—Moody algebra satisfying Conjecture 5.12. Then RC(o0) &
B(o0) as Uy(g)-crystals.
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Proof. Let ﬁa(oo) denote the rigged configuration realization of the crystal E(oo) cor-
responding to the simply-laced Kac-Moody algebra g coming from Theorem 4.3, so that

RC(cc) = lim (T-5 ® RC(N)).
AeP+

From Conjecture 5.12, we have

RC(o0) = lim (T-x @ RC(X)),
AeP+

for reasons similar to the justification of Theorem 5.10. Hence RC(o0) virtualizes in
ﬁa(oo) as in Proposition 5.11. It remains to show that RC(oco) = B(c0) as Ugy(g)-crystals.

We note that (1) and (2) are satisfied from Eq. (3.1c) where zg = (vy, Jp). Condition
(3) is satisfied directly by the definition of (vy, Jy), while (4) follows from the definition
of e, on RC(c0). The remaining properties require virtualization.

Let v(q) denote the virtualization map from Lemma 5.17. Now for each a € I, define
a crystal morphism W,:RC(00) — Z(,) ® RC(o0) in the following way. Consider the
following commutative diagram.

RC(c0)

v, v,

Zy) ® RC(o0) Z(G) ® P/LE‘(OO)

V(a) O

Since both rows are virtualization maps by Proposition 5.6 and map on the right side
is a strict embedding because lia(oo) ~ B(c0) by Theorem 4.3, we get a well-defined
strict embedding ¥, = (v(,) ® v) "o U, 0w for every a € 1.

For (6), notice the crystal RC(oc0) is generated from (vy, Jy) and f,, for a € I, from
the direct limit characterization of RC(oc0) and Lemma 5.19. That is to say, we can write
an arbitrary element (v, J) of RC(c0) as (v, J) = fa, -+ fa, (Vg, Jp) where a; € I. Since
U, is strict and f¥ is a nonzero operator on both Z,) and RC(cc) for all a € I and
k >0, we have ¥, (RC(c0)) C {fI24(0) : m > 0} x RC(o0).

Finally, set (v, J) = fa, -+ fa; (v0, Jp) to be an arbitrary element of RC(c0) and take
a = a1. Note that ¢, (vy, Jg) = 0 by Eq. (3.1b). Then by the tensor product rule for
crystals, we have Wo(fo(vg,Jp)) = faza(0) @ (v, Jy) because Wo(vp, Jy) = 24(0) ®
(vg, Jp). Therefore there exists some subsequence (a;,,...,a; ,.) of (a1,...,a) such
that a1 = ay, for all t # ji, ..., jk—m, and Wu (v, J) = fi2a(0) ® fa,, -+ fa;, (Vo, Jy) with
m > 0. This shows condition (7), and we have RC(c0) & B(0o0) by Theorem 5.18. O



B. Salisbury, T. Scrimshaw / J. Combin. Theory Ser. A 133 (2015) 29-57 53

Open Problem 5.21. It would be interesting to find a proof which does not appeal to
virtualization in order to prove (5), (6), and (7); in particular, to show that RC(oc0)
is generated only by (vp,Jy) and f,, for all a € I, without appealing to virtualiza-
tion.

6. Projecting from RC(o0) to RC(A)

The goal of this section is to show that taking valid rigged configurations is equivalent
to projecting to highest weight U, (g)-crystals, where g is any symmetrizable Kac-Moody
type satisfying Conjecture 5.12. Recall the one-element crystal T\ = {¢)} given in Defi-
nition 3.4. Let C = {c} be the one-element crystal with crystal operations defined by

wt(c) =0, pu(c) =ceq(c) =0, fu(c) =eq(c) =0, acl.

It is known that the connected component in C ® Ty ® B(co) generated by ¢ ® tx ® too
is isomorphic to B(A). In the setting of rigged configurations, recall that to pass from
RC(o0) to RC()), we raise the weight by A (equivalently we shift the vacancy numbers),
which corresponds to tensoring with 7). Next we take only valid rigged configurations,
and we will show that this restriction corresponds to tensoring with the crystal C.

Let RCy(00) = Ty ® RC(00) denote the crystal associated with the Verma module
with highest weight A. Strictly speaking,

RCy(0) = {fak N (t,\ ® (V@,J@)) tay,...,ap €1, k> 0},

but by an abuse of notation, we will consider RC,(00) as the set of all rigged configura-
tions generated by f, (a € I) from (vy, Jy) where the vacancy numbers and the weights
are shifted by A. That is, if A = Z(a,i)E?—L iLZ(-a)Aa is a dominant integral weight of type
g, then for all i € Z>( we have

P () = min(i, )L + pi (1), wh(va, Jx) = wt(v, J) + X,
3=>0

where (vy, Jy) € RCx(c0) corresponds to (v, J) € RC(00).

Theorem 6.1. Let Cy denote the connected component of C @ RCy(o0) generated by ¢ ®
(vg, Jp). The map ¥:Cy — RC(A) sending ¢ @ (va, Jx) — (va,Jx) is a Uy(g)-crystal
isomorphism.

Proof. Let (vy, Jx) € RCx(00) and a € I. First,

Wt(C ® (l/)\, J)\)) = Wt(C) + Wt(V)\, JA) = Wt(l/)\, J)\),

so U preserves weights. Then,
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a(c® (va,Jn)) = max{0,e,(vr, Jx)} = €a(vr, J2),

since €, (v, Jx) > 0, which implies that ¥ preserves &,. From the &, (c ® (v, J))) com-
putation above, we have

©a(c® (vr, Jn)) = max{w,(vx, Jr), (ha, Wt(va, J2)) }
= max{eq(Vx, Jx) + (ha, Wt(va, J2)), (ha, wt(va, J3)) }
= Ea(l/)\, J)\) + <ha,Wt(V)\, J)\)>

= @a(Vr, Jr)-

We have @4 (v, Jy) = 0 if and only if f,(vx, Jx) = 0 in RC(A) because RC(A) is a (lower)
regular crystal. Also if ¢, (va, Jy) = 0, we have

Ja(c® (va, \)) = (fa€) @ (va,Jx) =0
by the tensor product rule. Similarly if ¢, (vx, Jx) > 0, then
fa(c® (Ua, Jn)) = @ fa(va, Jr).

So Vo f, = fq 0 W. Recall that Lpa(c® (Vx, J,\)) = @a(va, Jx) > 0; so it follows, by the
tensor product rule, that

\Il(ea(c ® (v, JA))) = \Il(c® ea(Vn, JA)) =eq(vx, J\) = ea\Il(c® (vx, JA)).
This completes the proof that W is a crystal isomorphism. O
Thus, the projection map above corresponds to eliminating those rigged configurations
which are not valid; that is, U(c®(v, J)) = 0if (v, J) is not valid. Therefore Theorem 5.20
implies the following.

Corollary 6.2. Suppose Conjecture 5.12 holds, then we have RC(\) = B(\).

Corollary 6.3. Suppose Conjecture 5.12 holds, then the U,(g)-crystal B(X\) virtualizes in

~

the Uy(g)-crystal B(X).
We also note that Proposition 4.2 extends to both RC(c0) and RC(A).

Example 6.4. Consider RC(Ag) with g = Aél). The top of the crystal graph is shown in
Fig. 6.1.
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Fig. 6.1. The top of the crystal RC(Ap) in type Aél), created using Sage.

Acknowledgments

We would like to thank Anne Schilling for very valuable discussions and for reading
a draft of this manuscript. We would also like to thank Sara Billey, Ben Brubaker, Dan
Bump, Gautam Chinta, Sol Friedberg, Dorian Goldfeld, Jeff Hoffstein, Anne Schilling,
and Nicolas Thiéry for organizing the ICERM semester program entitled “Automorphic
Forms, Combinatorial Representation Theory, and Multiple Dirichlet series,” where the
idea for this project originated. This work was also aided by Sage Mathematical Software
[36,42], in which the second named author designed packages corresponding to the work
in this paper. Finally, the authors would like to thank the anonymous referees for there
helpful comments and insight.

References

[1] Timothy H. Baker, Zero actions and energy functions for perfect crystals, Publ. Res. Inst. Math.
Sci. 36 (4) (2000) 533-572.

[2] Rodney J. Baxter, Exactly Solved Models in Statistical Mechanics, Academic Press Inc. [Harcourt
Brace Jovanovich Publishers|, London, 1989, Reprint of the 1982 original.

[3] H. Bethe, Zur Theorie der Metalle, Z. Phys. 71 (3—4) (1931) 205-226 (in German).

[4] Alexander Braverman, Dennis Gaitsgory, Crystals via the affine Grassmannian, Duke Math. J.
107 (3) (2001) 561-575.

[5] Lisa Carbone, Sjuvon Chung, Leigh Cobbs, Robert McRae, Debajyoti Nandi, Yusra Naqvi, Diego
Penta, Classification of hyperbolic Dynkin diagrams, root lengths and Weyl group orbits, J. Phys.
A 43 (15) (2010) 155209, 30 pp.

[6] Lipika Deka, Anne Schilling, New fermionic formula for unrestricted Kostka polynomials, J. Combin.
Theory Ser. A 113 (7) (2006) 1435-1461.

[7] S. Gaussent, P. Littelmann, LS galleries, the path model, and MV cycles, Duke Math. J. 127 (1)
(2005) 35-88.


http://refhub.elsevier.com/S0097-3165(15)00016-3/bib62616B657232303030s1
http://refhub.elsevier.com/S0097-3165(15)00016-3/bib62616B657232303030s1
http://refhub.elsevier.com/S0097-3165(15)00016-3/bib423839s1
http://refhub.elsevier.com/S0097-3165(15)00016-3/bib423839s1
http://refhub.elsevier.com/S0097-3165(15)00016-3/bib423331s1
http://refhub.elsevier.com/S0097-3165(15)00016-3/bib42473031s1
http://refhub.elsevier.com/S0097-3165(15)00016-3/bib42473031s1
http://refhub.elsevier.com/S0097-3165(15)00016-3/bib436574616C3A3130s1
http://refhub.elsevier.com/S0097-3165(15)00016-3/bib436574616C3A3130s1
http://refhub.elsevier.com/S0097-3165(15)00016-3/bib436574616C3A3130s1
http://refhub.elsevier.com/S0097-3165(15)00016-3/bib44533036s1
http://refhub.elsevier.com/S0097-3165(15)00016-3/bib44533036s1
http://refhub.elsevier.com/S0097-3165(15)00016-3/bib474C3035s1
http://refhub.elsevier.com/S0097-3165(15)00016-3/bib474C3035s1

56 B. Salisbury, T. Scrimshaw / J. Combin. Theory Ser. A 133 (2015) 29-57

[8] Goro Hatayama, Anatol N. Kirillov, Atsuo Kuniba, Masato Okado, Taichiro Takagi, Yasuhiko Ya-
mada, Character formulae of sl,-modules and inhomogeneous paths, Nuclear Phys. B 536 (3) (1999)
575-616.

[9] Goro Hatayama, Atsuo Kuniba, Masato Okado, Taichiro Takagi, Zengo Tsuboi, Paths, crystals and
fermionic formulae, in: MathPhys Odyssey 2001, in: Prog. Math. Phys., vol. 23, Birkh&user Boston,
Boston, MA, 2002, pp. 205-272.

[10] Jin Hong, Seok-Jin Kang, Introduction to Quantum Groups and Crystal Bases, Graduate Studies
in Mathematics, vol. 42, American Mathematical Society, Providence, RI, 2002.

[11] Michio Jimbo, Tetsuji Miwa, On a duality of branching rules for affine Lie algebras, in: Algebraic
Groups and Related Topics, Kyoto/Nagoya, 1983, in: Adv. Stud. Pure Math., vol. 6, North-Holland,
Amsterdam, 1985, pp. 17-65.

[12] Seok-Jin Kang, Kailash C. Misra, Crystal bases and tensor product decompositions of
Uq(G2)-modules, J. Algebra 163 (3) (1994) 675-691.

[13] Masaki Kashiwara, Crystallizing the g-analogue of universal enveloping algebras, Comm. Math.
Phys. 133 (2) (1990) 249-260.

[14] Masaki Kashiwara, On crystal bases of the g-analogue of universal enveloping algebras, Duke Math.
J. 63 (2) (1991) 465-516.

[15] Masaki Kashiwara, The crystal base and Littelmann’s refined Demazure character formula, Duke
Math. J. 71 (3) (1993) 839-858.

[16] Masaki Kashiwara, Similarity of crystal bases, in: Lie Algebras and Their Representations, Seoul,
1995, in: Contemp. Math., vol. 194, Amer. Math. Soc., Providence, RI, 1996, pp. 177—-186.

[17] Masaki Kashiwara, Bases Cristallines des Groupes Quantiques, Charles Cochet (Ed.), Cours Spé-
cialisés [Specialized Courses|, vol. 9, Société Mathématique de France, Paris, 2002.

[18] Masaki Kashiwara, Toshiki Nakashima, Crystal graphs for representations of the g-analogue of
classical Lie algebras, J. Algebra 165 (2) (1994) 295-345.

[19] Masaki Kashiwara, Yoshihisa Saito, Geometric construction of crystal bases, Duke Math. J. 89 (1)
(1997) 9-36.

[20] S.V. Kerov, A.N. Kirillov, N.Yu. Reshetikhin, Combinatorics, the Bethe ansatz and representa-
tions of the symmetric group, Zap. Nauchn. Sem. Leningrad. Otdel. Mat. Inst. Steklov. (LOMI)
155 (Differentsialnaya Geometriya, Gruppy Li i Mekh. VIII) (1986) 50-64, 193.

[21] Jeong-Ah Kim, Dong-Uy Shin, Generalized Young walls and crystal bases for quantum affine algebra
of type A, Proc. Amer. Math. Soc. 138 (11) (2010) 3877-3889.

[22] Jeong-Ah Kim, Dong-Uy Shin, Zigzag strip bundles and crystals, J. Combin. Theory Ser. A 120 (5)
(2013) 1087-1115.

[23] A.N. Kirillov, N.Yu. Reshetikhin, The Bethe ansatz and the combinatorics of Young tableaux, Zap.
Nauchn. Sem. Leningrad. Otdel. Mat. Inst. Steklov. (LOMI) 155 (Differentsialnaya Geometriya,
Gruppy Li i Mekh. VIII) (1986) 65-115, 194.

[24] Cristian Lenart, Alexander Postnikov, Affine Weyl groups in K-theory and representation theory,
Int. Math. Res. Not. IMRN (12) (2007) 65, Art. ID rnm038.

[25] Cristian Lenart, Alexander Postnikov, A combinatorial model for crystals of Kac-Moody algebras,
Trans. Amer. Math. Soc. 360 (8) (2008) 4349-4381.

[26] Peter Littelmann, A Littlewood—Richardson rule for symmetrizable Kac-Moody algebras, Invent.
Math. 116 (1-3) (1994) 329-346.

[27] Peter Littelmann, The path model for representations of symmetrizable Kac-Moody algebras, in:
Proceedings of the International Congress of Mathematicians, vols. 1, 2, Zirich, 1994, Birkhauser,
Basel, 1995, pp. 298-308.

[28] Peter Littelmann, Paths and root operators in representation theory, Ann. of Math. (2) 142 (3)
(1995) 499-525.

[29] Peter Littelmann, Characters of representations and paths in £, in: Representation Theory and
Automorphic Forms, Edinburgh, 1996, in: Proc. Sympos. Pure Math., vol. 61, Amer. Math. Soc.,
Providence, RI, 1997, pp. 29-49.

[30] Atsushi Nakayashiki, Yasuhiko Yamada, Kostka polynomials and energy functions in solvable lattice
models, Selecta Math. (N.S.) 3 (4) (1997) 547-599.

[31] Masato Okado, Reiho Sakamoto, Anne Schilling, Affine crystal structure on rigged configurations
of type DS, J. Algebraic Combin. 37 (3) (2013) 571-599.

[32] Masato Okado, Anne Schilling, Mark Shimozono, A crystal to rigged configuration bijection for
nonexceptional affine algebras, in: Algebraic Combinatorics and Quantum Groups, World Sci. Publ.,
River Edge, NJ, 2003, pp. 85-124.


http://refhub.elsevier.com/S0097-3165(15)00016-3/bib484B4B4F54593939s1
http://refhub.elsevier.com/S0097-3165(15)00016-3/bib484B4B4F54593939s1
http://refhub.elsevier.com/S0097-3165(15)00016-3/bib484B4B4F54593939s1
http://refhub.elsevier.com/S0097-3165(15)00016-3/bib484B4F54543032s1
http://refhub.elsevier.com/S0097-3165(15)00016-3/bib484B4F54543032s1
http://refhub.elsevier.com/S0097-3165(15)00016-3/bib484B4F54543032s1
http://refhub.elsevier.com/S0097-3165(15)00016-3/bib484B3032s1
http://refhub.elsevier.com/S0097-3165(15)00016-3/bib484B3032s1
http://refhub.elsevier.com/S0097-3165(15)00016-3/bib4A4D3835s1
http://refhub.elsevier.com/S0097-3165(15)00016-3/bib4A4D3835s1
http://refhub.elsevier.com/S0097-3165(15)00016-3/bib4A4D3835s1
http://refhub.elsevier.com/S0097-3165(15)00016-3/bib4B4D3934s1
http://refhub.elsevier.com/S0097-3165(15)00016-3/bib4B4D3934s1
http://refhub.elsevier.com/S0097-3165(15)00016-3/bib4B3930s1
http://refhub.elsevier.com/S0097-3165(15)00016-3/bib4B3930s1
http://refhub.elsevier.com/S0097-3165(15)00016-3/bib4B3931s1
http://refhub.elsevier.com/S0097-3165(15)00016-3/bib4B3931s1
http://refhub.elsevier.com/S0097-3165(15)00016-3/bib4B3933s1
http://refhub.elsevier.com/S0097-3165(15)00016-3/bib4B3933s1
http://refhub.elsevier.com/S0097-3165(15)00016-3/bib4B3936s1
http://refhub.elsevier.com/S0097-3165(15)00016-3/bib4B3936s1
http://refhub.elsevier.com/S0097-3165(15)00016-3/bib4B3032s1
http://refhub.elsevier.com/S0097-3165(15)00016-3/bib4B3032s1
http://refhub.elsevier.com/S0097-3165(15)00016-3/bib4B4E3934s1
http://refhub.elsevier.com/S0097-3165(15)00016-3/bib4B4E3934s1
http://refhub.elsevier.com/S0097-3165(15)00016-3/bib4B533937s1
http://refhub.elsevier.com/S0097-3165(15)00016-3/bib4B533937s1
http://refhub.elsevier.com/S0097-3165(15)00016-3/bib4B4B52593836s1
http://refhub.elsevier.com/S0097-3165(15)00016-3/bib4B4B52593836s1
http://refhub.elsevier.com/S0097-3165(15)00016-3/bib4B4B52593836s1
http://refhub.elsevier.com/S0097-3165(15)00016-3/bib4B533130s1
http://refhub.elsevier.com/S0097-3165(15)00016-3/bib4B533130s1
http://refhub.elsevier.com/S0097-3165(15)00016-3/bib4B533133s1
http://refhub.elsevier.com/S0097-3165(15)00016-3/bib4B533133s1
http://refhub.elsevier.com/S0097-3165(15)00016-3/bib4B52593836s1
http://refhub.elsevier.com/S0097-3165(15)00016-3/bib4B52593836s1
http://refhub.elsevier.com/S0097-3165(15)00016-3/bib4B52593836s1
http://refhub.elsevier.com/S0097-3165(15)00016-3/bib4C503037s1
http://refhub.elsevier.com/S0097-3165(15)00016-3/bib4C503037s1
http://refhub.elsevier.com/S0097-3165(15)00016-3/bib4C503038s1
http://refhub.elsevier.com/S0097-3165(15)00016-3/bib4C503038s1
http://refhub.elsevier.com/S0097-3165(15)00016-3/bib4C3934s1
http://refhub.elsevier.com/S0097-3165(15)00016-3/bib4C3934s1
http://refhub.elsevier.com/S0097-3165(15)00016-3/bib4C3935s1
http://refhub.elsevier.com/S0097-3165(15)00016-3/bib4C3935s1
http://refhub.elsevier.com/S0097-3165(15)00016-3/bib4C3935s1
http://refhub.elsevier.com/S0097-3165(15)00016-3/bib4C39352D32s1
http://refhub.elsevier.com/S0097-3165(15)00016-3/bib4C39352D32s1
http://refhub.elsevier.com/S0097-3165(15)00016-3/bib4C3937s1
http://refhub.elsevier.com/S0097-3165(15)00016-3/bib4C3937s1
http://refhub.elsevier.com/S0097-3165(15)00016-3/bib4C3937s1
http://refhub.elsevier.com/S0097-3165(15)00016-3/bib4E593937s1
http://refhub.elsevier.com/S0097-3165(15)00016-3/bib4E593937s1
http://refhub.elsevier.com/S0097-3165(15)00016-3/bib4F53533133s1
http://refhub.elsevier.com/S0097-3165(15)00016-3/bib4F53533133s1
http://refhub.elsevier.com/S0097-3165(15)00016-3/bib4F53533033s1
http://refhub.elsevier.com/S0097-3165(15)00016-3/bib4F53533033s1
http://refhub.elsevier.com/S0097-3165(15)00016-3/bib4F53533033s1

B. Salisbury, T. Scrimshaw / J. Combin. Theory Ser. A 133 (2015) 29-57 57

[33] Masato Okado, Anne Schilling, Mark Shimozono, Virtual crystals and fermionic formulas of type
D,Ef_?_l, 14(2,2,37 and C", Represent. Theory 7 (2003) 101-163 (electronic).

[34] Masato Okado, Anne Schilling, Mark Shimozono, Virtual crystals and Kleber’s algorithm, Comm.
Math. Phys. 238 (1-2) (2003) 187-2009.

[35] Arun Ram, Alcove walks, Hecke algebras, spherical functions, crystals and column strict tableaux,
Pure Appl. Math. Q. 2 (4, part 2) (2006) 963—-1013.

[36] The Sage-Combinat Community, Sage-Combinat: enhancing Sage as a toolbox for computer explo-
ration in algebraic combinatorics, http://combinat.sagemath.org, 2008.

[37] Reiho Sakamoto, Rigged configurations and Kashiwara operators, SIGMA Symmetry Integrability
Geom. Methods Appl. 10 (2014) 88, Paper 028.

[38] Anne Schilling, Crystal structure on rigged configurations, Int. Math. Res. Not. IMRN (2006) 27,
Art. ID 97376.

[39] Anne Schilling, Travis Scrimshaw, Crystal structure on rigged configurations and the filling map,
Preprint, http://arxiv.org/abs/1409.2920, 2014.

[40] Anne Schilling, Qiang Wang, Promotion operator on rigged configurations of type A, Electron. J.
Combin. 17 (1) (2010) 43, Research Paper 24.

[41] Anne Schilling, S. Ole, Warnaar, Inhomogeneous lattice paths, generalized Kostka polynomials and
Ap—1 supernomials, Comm. Math. Phys. 202 (2) (1999) 359-401.

[42] W.A. Stein, et al., Sage Mathematics Software (Version 6.2), The Sage Development Team, http://
www.sagemath.org, 2014.

[43] John R. Stembridge, A local characterization of simply-laced crystals, Trans. Amer. Math. Soc.
355 (12) (2003) 4807-4823 (electronic).


http://refhub.elsevier.com/S0097-3165(15)00016-3/bib4F53533033494949s1
http://refhub.elsevier.com/S0097-3165(15)00016-3/bib4F53533033494949s1
http://refhub.elsevier.com/S0097-3165(15)00016-3/bib4F535330334949s1
http://refhub.elsevier.com/S0097-3165(15)00016-3/bib4F535330334949s1
http://refhub.elsevier.com/S0097-3165(15)00016-3/bib523036s1
http://refhub.elsevier.com/S0097-3165(15)00016-3/bib523036s1
http://combinat.sagemath.org
http://refhub.elsevier.com/S0097-3165(15)00016-3/bib53616B616D6F746F3133s1
http://refhub.elsevier.com/S0097-3165(15)00016-3/bib53616B616D6F746F3133s1
http://refhub.elsevier.com/S0097-3165(15)00016-3/bib533036s1
http://refhub.elsevier.com/S0097-3165(15)00016-3/bib533036s1
http://arxiv.org/abs/1409.2920
http://refhub.elsevier.com/S0097-3165(15)00016-3/bib53573130s1
http://refhub.elsevier.com/S0097-3165(15)00016-3/bib53573130s1
http://refhub.elsevier.com/S0097-3165(15)00016-3/bib53573939s1
http://refhub.elsevier.com/S0097-3165(15)00016-3/bib53573939s1
http://www.sagemath.org
http://www.sagemath.org
http://refhub.elsevier.com/S0097-3165(15)00016-3/bib5374656D6272696467653033s1
http://refhub.elsevier.com/S0097-3165(15)00016-3/bib5374656D6272696467653033s1

	A rigged conﬁguration model for B(∞)
	1 Introduction
	2 Background
	2.1 Crystals
	2.2 Rigged conﬁgurations

	3 Rigged conﬁguration model for B(∞) in simply-laced ﬁnite type
	4 Extending Theorem 3.9 to arbitrary simply-laced Kac-Moody algebras
	5 Extending Theorem 3.9 to non-simply-laced Lie algebras
	5.1 Virtual crystals
	5.2 Extending Theorem 3.9 to all ﬁnite types
	5.3 Recognition theorem

	6 Projecting from RC(∞) to RC(λ)
	Acknowledgments
	References


